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The search for the elusive Slichter triplet requires elaborate analysis of the elastic-gravi-
tational mode characters and the non-stationary behavior of noisy time-series. A typical
question is that it is difficult to characterize the excitations with attenuation by diffusion
when their intensity is low compared to noise. Thus the theory for deriving the modes'
frequencies is still controversial, and various scholars tried to search for the Slichter triplet
in superconducting gravimeter (SG) records, but failed. One of the main causes might be
due to the inappropriate use of datasets. We present in this paper synthetic experiments
on the selection of record length, sampling rate and number of SG records under the Global
Geodynamics Project (GGP) to detect the damped harmonic signals hidden in noises based
on the optimal sequence estimation (OSE) method. Moreover, our results show that the
existing observation conditions arouse restrictions and it might be impossible to detect the
Slichter triplet excited by single excitation source based on Fourier spectrum analysis.
Thus we suggest a stacking way of combining several seismic events in the case that the
excitation mechanism has so far been unclear.
© 2015, Institute of Seismology, China Earthquake Administration, etc. Production and
hosting by Elsevier B.V. on behalf of KeAi Communications Co., Ltd. This is an open access
article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
As one of the largest challenges in fundamental
geophysics, the search for the translationalmotion of the solid
inner core, also referred to as Slichter modes (or Slichter(Shen W.).
ute of Seismology, China
ier on behalf of KeAi
ina Earthquake Administra
ss article under the CC BYtriplet) [1], is still open despite various efforts devoted by
many scholars [2e15]. The difficulty in detecting the Slichter
triplet lies in that they are extremely weak, weaker than the
Earth's background noise, so the interested signals are likely
to be buried in stronger noises [13]. The identification of the
Slichter triplet might depend on sufficient accumulation ofEarthquake Administration.
tion, etc. Production and hosting by Elsevier B.V. on behalf of KeAi
-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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techniques for providing high-quality residual gravity time
series after removing ‘known’ modeled signals and
effectively reducing or canceling the noises. The
superconducting gravimeter (SG) has high sensitivity and
continuity, and is very stable and superior over the best
seismometer in the frequency band of 0.3e0.8 mHz [6].
Moreover, SG has high signal-to-noise ratio (SNR) in the
long-period seismic and sub-seismic frequency bands, and is
particularly suitable for observing long-period signals, such
as the Slichter modes [4,8,16]. Since the main restoring force
is the Archimedean force, the periods of the Slichter triplet
are directly related to the value of the density jump at the
inner core boundary (ICB) [17]. Therefore, the detection and
characterization of the oscillation (time of excitation,
frequency and decay rate) may help constrain the density
jump and the viscosity at the ICB, and consequently
constrain the Earth's 3D structure [17,18].
The Slichter modes are a natural possible result of the
response of the inner core to the geodynamic excitation pro-
cess which is still not observably confirmed [9,10]. Various
scholars have studied the excitation mechanism of the
Slichter modes, mainly attributed to the surficial pressure
flow acting in the core, the seismic excitation, surface load, or
meteoroid impact [19e23]. A sufficient excitation source is
fundamental because, the source should excite the Slichter
modes to a detectable level, say the nanoGal level
(1 nGal ¼ 0.01 nm/s2) for the SGs to detect the induced surface
gravity effect, just as Rosat [24] has demonstrated that a
vertical deep-slip seismic event with magnitude Mw ¼ 9.7 is
required to excite the Slichter modes to a detectable level
obtained from the PREM model [25]. Unfortunately, it seems
that the past major seismic events are too small to excite
the interested signals to the detectable level of SG.
Therefore, Rosat and Rogister [22] suggested that a
combination of several possible sources might excite the
Slichter mode triplet to an observable level.
Moreover, some damping sources of the Slichter modes
have been considered previously, including the anelastic de-
formations of the inner core, the viscous dissipation and the
magnetic dissipation [9,10]. Based on the excitation by earth-
quakes and the seismic anelasticity of the inner core and
mantle, Crossley [20] and Crossley et al. [21] showed that the
quality factor Q is in the order of 5000, with a corresponding
decay time on the order of 400 days. The damping due to the
outer core viscosity has been formulated by Smylie and
McMillan [26] and also by Rieutord [27]. To estimate the
dynamic viscosity of the outer core near the inner core
boundary, Mathews and Guo [28] proposed an upper limit of
1.7  105 Pa for outer core viscosity using nutation data
corresponding to Q of 5000, implying a decay time on the
order of 400 days (Cf. also Guo et al. [10]). The magnetic
damping of the inner core oscillation has been studied by
Buffett and Goertz [29]. They have shown that the Q value
should be between 5.8  105 and 2200 for a magnetic field
ranging from 0.0005 to 0.002 T corresponding to a decay time
of 108 yr to 150 d for a nominal period of 5.2 h as Guo et al.
[10] suggested, assuming the magnetic field at the ICB on the
order of 0.002 T, a Q value on the order of 2000 and a decay
time on the order of 100 days.This paper focuses on illustrating the detectability of the
damped and weak Slichter modes excited by a specific exci-
tation source, such as an earthquake source, occurring in
synthetic SG time series, which are generated based on the SG
stations from the GGP (http://www.eas.slu.edu/GGP/
ggpstations.html), and attempts to provide theoretical and
experimental references to search for the Slichter triplet in
practice.2. Synthetic data and method
The Earth's free oscillation signals excited by an earth-
quake source recorded by a gravimeter at the surface of a
spherically symmetric, rotating, ellipsoidal Earth, is given by a
superposition of spheroidal and toroidal modes [30,31],
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where qj and fj are the colatitude and longitude of the jth
station, respectively. Since the medium is three-dimensional,
each mode is described by its radial order n, and two surface
orders l and m, where the azimuthal order, m, varies over
l  m  l (m ¼ l, l þ 1,…, 0, 1,…, l) [18]. Here we drop the
radial order n. The coefficients Aml are the excitation
amplitudes determined by the centroid moment tensor and
mode eigenfunctions [31], and uml are the corresponding
eigenfrequencies, which are determined by the Earth's
density distribution and structure. The attenuation factors
are described by aml ¼ uml =2Qml , which measure the rate at
which the mode's seismic energy loses due to friction [10,21].
Yml ðqi;fiÞ is a fully normalized surface spherical harmonic
function consisting of the azimuthal functions eimfj and the
associated Legendre functions Pml ðcos qjÞ,
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Since we focus on the detection of the Slichter triplet (with
degree one) in the sub-seismic frequency band, the real-
valued residual gravity time series considering background
noise at the jth station from equations (1)e(3) can be written
as:
gjðtÞ ¼
X1
m¼1
am sin qjcos

umtþmfj

exp
	
 umt
2Qm


þ njðtÞ (4)
where a1, a0 and a1 are constants, denoting the amplitudes
corresponding to the prograde equatorial mode, axial mode,
and retrograde equatorial mode, respectively.
In a spherical, non-rotating, elastic, isotropic (SENRI) Earth
model, the degenerate Slichter eigenperiod is about 5.42 h
based on PREM [32,33]. If non-spherical corrections due to the
rotation and ellipticity are considered in this degree-one case
[34], a 5-term coupling chain defined by Smith [19] is truncated
to calculate the eigenperiods of the spherical equivalent-rock
PREM, where the surface ocean is replaced by a solid crust
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integration which has been examined by Rogister [33]. Our
theoretical periods of the three Slichter singlets for PREM are
very close to the values computed by Crossley [2], Rochester
and Peng [35], Peng [17], or Rogister [33], shown as Fig. 1.
A study of Rosat [24] suggests that only after a great
earthquake with its magnitude as large as Mw ¼ 9.7 occursFig. 1 e Theoretical periods (in hours) of the Slichter triplet
for PREM. Their periods computed in this paper are
respectively 5.9995 h (m ¼ ¡1), 5.3159 h (m ¼ 0) and
4.7755 h (m ¼ 1) within the squared Brunt-V€ais€al€a
frequency N2 ¼ 5.215 £ 10¡9 s¡1, which determines the
local stability of the fluid when its particles are slightly
displaced from their equilibrium positions [33].
Table 1 e The latitude (degree), longitude (degree), and synthe
Station Latitude Longitude Noise level
Schiltach (bf) 48.3294 8.3273 1.4420
Bad Homburg (bh) 50.2285 8.6113 1.4093
Medicina (mc) 44.5219 11.645 1.5083
Wettzell (we) 49.1458 12.8794 1.4279
Concepcion (tc) 36.8437 73.0255 1.6404
Hsinchu (hs) 24.7888 120.9966 1.8242
Strasbourg (st) 48.6222 7.685 1.4369
Metsahovi (me) 60.2172 24.3958 1.2467
Potsdam (po) 52.3806 13.0682 1.3726
Wuhan (wu) 30.5159 114.4898 1.7422
Yebes (ys) 40.5238 3.0902 1.5778
Brasimone (br) 44.1231 11.1183 1.5153
Bandung (ba) 6.8964 107.6317 1.9856
Cibinong (ci) 6.4903 106.8498 1.9872
Kyoto (ky) 35.0278 135.7858 1.6706
Canberra (cb) 35.3206 149.0077 1.6657based on a SENRI Earth model, the Slichter triplet could be
observed. Moreover, she confirmed that the maximum
excitation amplitude expected at a receiver is less than
0.3 nGal, which is at an ideal position (47 N and 210 E),
from the largest Sumatra earthquake (Mw ¼ 9.3) since GGP
started to work. Therefore, according to equation (4), we
generate the synthetic SG series containing three signals of
the synthetic-given Slichter triplet with an equal excitation
amplitude of 1 nGal or 0.3 nGal. Their frequencies um come
from our computed values, and the quality factors Qm in the
multiplet are treated as the same value. To approximate the
reality, the synthetic SG sequence is also mixed with the
uncorrelated Brown noise, which has a power spectral
density per unit of bandwidth proportional to 1/f2. For the
synthetic noise levels of the 32 presently available SG
stations under the GGP, we follow the approach presented
by Courtier et al. [5] and Ding and Shen [14] to set a normal
noise power s20 ¼ 1 nm2/s4, and the synthetic noise level of
each SG station can be written as
s2j ¼
h
1þ sinqj2i.s20 (5)
According to equation (5), the synthetic noise levels are
listed in Table 1. Fig. 2 shows the time-series of the
synthetic Slichter triplet signals and these signals
contaminated by the additional Brown noises from the Bad
Homburg (bh) station.
In the following, we will conduct a synthetic simulation
analysis for the detection of (damped) weak harmonic signals
in SG records based on amultiplet strippingmethod. Ding and
Shen [14] developed an optimal sequence estimation (OSE)
method as an improvement of the multi-station experiment
(MSE) technique [5]. They have demonstrated that, while
both OSE and MSE can isolate and distinguish the three
singlet signals of a mode with degree one, the results using
OSE to search for the Slichter triplet will less suffer from the
dominant error terms comparing to those using MSE, and
OSE has a higher SNR than MSE. Thus here we will use the
OSE method for reference to generate three new sequences
(equatorial prograde, axial and equatorial retrograde), each
emphasizing a Slichter singlet. In addition, it needs to settic noise levels (nm2/s4) of the 32 SG Stations.
Station Latitude Longitude Noise level
Esashi (es) 39.151 141.3318 1.6014
Kamioka (ka) 36.4253 137.3084 1.6474
Ny-Alesund (ny) 78.93061 11.86717 1.0369
Syowa (sy) 69.00674 38.58569 1.1283
Boulder (bo) 40.1308 105.2328 1.5846
Matsushiro (ma) 36.5439 138.2032 1.6455
Onsala (os) 57.3858 11.9266 1.2905
Brussels (be) 50.9786 4.3581 1.3964
Membach (mb) 50.6101 6.0073 1.4027
Sutherland (su) 32.3814 20.8109 1.7132
Moxa (mo) 50.6461 11.6163 1.4021
Cantley (ca) 45.585 104.1929 1.4898
Pecny (pe) 49.9137 14.78555 1.4147
Vienna (vi) 48.2493 16.3579 1.4434
Conrad (co) 47.9283 15.8598 1.4490
Apache Point (ap) 32.7804 105.8204 1.7069
Fig. 2 e Time-series of the synthetic Slichter triplet signals (upper plot) and these signals contaminated by the additional
Brown noises from the bh station (lower plot).
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seismic signals. To judge whether a peak is a possible singlet
in the power spectra of the three sequences, two criteria are
used, which are referred to Ding and Shen [14].3. Optimal record length
As far as we know, even if the Slichter modes are contin-
uously excited, abrupt amplitude attenuation and phase
change are assumed after large earthquakes, which may
render the detection more difficult when using too long time-
series of observation.Fig. 3 e Amplitudes of the synthetic triplet from the bh station u
on the hourly synthetic series with the decreasing length per 2
eggplant (Q ¼ 500) doted curves denote amplitude variations w
amplitudes just after the event at the receiver.Thus, we generate three hourly synthetic series with
different Q values of the three complex frequency signals on
the order of 5000, 2000 and 500, respectively, from the bh
station. Here we note that the Slichter modes with Q value of
infinity, which means no attenuation, might most likely not
exist in practice. Fig. 3 shows the amplitudes of the three
spectral lines after windowed FFT with the increase of the
record length per 200 h. Note that the response amplitude
has a markedly exponential decay. For the extreme weak
Slichter mode, the record length of 1.1Q-cycles, which is
suggested by Dahlen [36] for general cases, is not applicable
and will seriously weaken the target signals. The results
suggest that it is necessary to select an appropriate datasing different Q values. The amplitudes are obtained based
00 h after FFT. The green (Q ¼ 5000), blue (Q ¼ 2000) and
ith data length change. The red arrows indicate the initial
Table 2 e Probability of success to detect the three
synthetic signals under the condition of different record
lengths.
Decayed amplitude 1/3A0 1/2A0 2/3A0 3/4A0
L/Q-cycles 0.77 0.48 0.27 0.18
Probability 34% 65% 54% 20%
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detection of the interested (damped) harmonic signals in SG
records.
To find an ideal record length, an exponential equation is
used to fit the discrete values obtained in different synthetic
cases as shown in Fig. 3, and we get four record lengths
corresponding to the FFT amplitudes decaying to 1/3, 1/2, 2/3
and 3/4 of the original amplitude. Considering four different
lengths, we generate 32 hourly synthetic series with a finite
Q value of 2000. Because of the interference of the random
Brown noises, the three synthetic signals are not always
been identified. Thus we operate 50 repeated experiments
based the stacking method and take statistics of the
probability of success (listed in Table 2) to identify all three
signals referring to the two criteria. The experimental
results suggest that a record length for about 0.48 Q-cycles is
most efficient and that of 0.27Q-cycles is the second for
detecting the target signals.
For each observed singlet, the autoregressive (AR) method
[37] is used to estimate the frequency, and the method of
singlet parameter estimation suggested by H€afner and
Widmer-Schnidrig [38] is used to estimate the corresponding
accuracy. Then, we follow the procedures as described by
Taylor [39] to obtain a final weighted average of the
corresponding frequency. Fig. 4aec shows the weightedFig. 4 e The estimated frequencies and their corresponding error
corresponding to m ¼ ¡1 (a), m ¼ 0 (b) and m ¼ 1 (c) using differ
between the estimated values and the synthetic-given correspoestimates corresponding to m ¼ 1, m ¼ 0 and m ¼ 1 based
upon four different lengths of the synthetic series, and
Fig. 4d shows the corresponding absolute error bars. The
results are consistent with the characteristics of the spectral
approach: the longer record is selected, the higher frequency
resolution is obtained, and the spectral peak of the target
signal is narrowed to help avoid aliasing and phase
distortion. Therefore, the estimated frequencies are more
accurate (closer to the synthetic-given values) using a longer
record just as Fig. 4 shows. Taking both of the probability of
success and observation accuracy into account, here we
suggest an optimal data length of 0.48 Q-cycles.4. Further analysis and results
Some objective factors may possibly affect the detection
of the Slichter triplet, such as the sampling rate, number of
SG records, the excitation source, etc [8,16,22]. To confirm
these points of view, based on the optimal length of 0.48 Q-
cycles as suggested in this study, we generate the synthetic
series on different control conditions to search for the syn-
thetic-given Slichter triplet signals, taking the Q value of
2000.
In the first experimental procedure, the OSEmethod is first
applied to the 32 synthetic series with two different sampling
rates of 1 h and 1 min, and the power spectra are plotted in
Fig. 5. Notice that all of the weak target signals (peaks) appear
clearly from the background noises, and they aremuch higher
than the 95% confidence interval (CI) curves. The
corresponding estimated frequencies of the singlet peaks are
listed in Table 3. These experiments clearly show that the
sampling rate has less effect on the detection of the
harmonic signals when corrupted by the Brown noises.bars (see vertical solid line segments) of the spectral peaks
ent lengths of synthetic series. (d) The absolute differences
nding frequency values.
Fig. 5 e Power spectrum comparison for the synthetic series with the sampling rates (aec) fs¼ 1 h and (def) fs¼ 1 min from
32 SG stations after applying OSE. The red, blue and green vertical lines and arrows indicate the observed Slichter triplet
(based on 32 synthetic series) corresponding to the singlet m ¼ ¡1, 0 and 1, respectively. The black dashed curves denote
the estimates of the background noise levels, the red and blue dashed curves denote the 95% CI and 80% CI curves,
respectively.
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noise, which is a special kind of noise that has a 1/f
amplitude distribution e the volume is inversely
proportional to pitch. It has the special property of being a
“fractal” or statistically self-similar waveform [40,41]. That is
to say, no matter how far we zoom in on the wave with an
oscilloscope, the waveform has the same “texture” (Fig. 2).
But the procedure to decrease the sampling rate, which is
filtering, will more or less suppress the weak harmonic
signals, and the phases will also be disturbed.Table 3 e Estimated values of the synthetic Slichter triplet in d
quality factor Q is 2000.
Synthetic cases for the Slichter triplet (cph) m ¼ 1
Synthetic model values 0.166681
For the sampling rate (fs)
fs ¼ 1 h 0.166691 ± 1.57
fs ¼ 1 min 0.166672 ± 1.49
For the number of the stations (N)
N ¼ 15 0.166682 ± 2.33
N ¼ 5 0.166694 ± 3.56
For the initial amplitudes (a)
a ¼ 0.6 nGal 0.166676 ± 2.33
a ¼ 0.3nGa eIn the second experimental procedure, since some sta-
tions have too high noise levels in the sub-seismic band in
most cases, only several or around ten SG records were
selected in previous studies. For instance, Rosat et al. [8]
applied the MSE method to the minutely SG gravity
residuals from 5 stations (ca, cb, ma, st and su) after the
2001 southern Peruvian Mw8.4 earthquake, but no plausible
Slichter triplet were observed. Ding and Chao [40] have
applied the OSE method and the z-domain autoregressive
(AR-z) spectrum to 20 hourly SG gravity residuals from 15ifferent cases. The record length is 0.48 Q-cycles, and the
m ¼ 0 m ¼ 1
0.188115 0.209402
 104 0.188123 ± 1.73  104 0.209384 ± 1.86  104
 104 0.188098 ± 1.38  104 0.209392 ± 2.01  104
 104 0.188104 ± 2.57  104 0.209410 ± 2.52  104
 104 e e
 104 0.188125 ± 2.69  104 0.209392 ± 2.30  104
e 0.209418 ± 5.43  104
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and we), suggesting possible observation results of the
Slichter triplet using an analytic continuation method
corresponding to Q ¼ 2000. In order to determine the
influence of the number of SG stations, here we generate
two synthetic hourly SG series groups corresponding to the
5 stations referring to Rosat et al. [8], and the 15 stations
referring to Ding and Chao [40], respectively. It should be
noted that, the selection of SG datasets needs to avoid the
influence of local area distribution to ensure the reliability
of the detection results to some extent, and the target
signals can still be identified even using a finite number of
SG records with high excitation amplitudes at appropriate
positions (Fig. 6).
As a further synthetic test, we operated an experiment
based on two assumed excitation sources with the initial
amplitudes of 0.6 nGal and 0.3 nGal, and the latter is
equivalent to a surface gravity effect level induced by the
Slichter modes excited by a Mw9.3 earthquake or other
possible sources [19,22,25]. Actually, the 2004 Sumatra event,
as the largest event since the beginning of the SG network in
1997, just fits the magnitude. Our results from stacking of
the 32 synthetic series are shown and listed in Fig. 7 and
Table 3, respectively, and clearly show that there is only
one singlet m ¼ 1 that satisfies both of two criteria if the
initial amplitude is assumed being 0.3 nGal, as well as withFig. 6 e Power spectrum comparison for the hourly synthetic se
and (def) 5 SG stations from Rosat et al. [8] after applying OSE. Th
that only satisfy criterion (1) as Ding and Shen [14] describes.a low SNR. Besides, there appears an unknown signal
marked by the vertical dashed black line and arrow in
Fig. 7a, but we can easily reject it based on the
characteristics of the Slichter triplet. Thus it can be seen, if
our detections just concentrate on a single seismic event
or excitation source, this goal might hardly be achieved
based on existing conditions, unless more appropriate
excitation sources are combined as Rosat and Rogister [22]
suggested or/and more sophisticated analysis tools like the
AR-z spectrum analysis [40] are applied to enhance the
SNR of the target signals.5. Discussions and conclusions
This study investigates the possibility to search for the
Slichter modes based on the simulation experiments. The
synthetic Slichter triplet considering the corresponding
eigenfrequencies, quality factors and excitation amplitudes
and the Brown noises adapting to real SG background noises
are combined to generate the SG time series. To detect some
very weak oscillation signals, the optimum record length of
data should be adapted to their corresponding inherent fea-
tures. Moreover, some effective data processing methods
need to be applied to restrain the uncorrelated background
noises to enhance the SNR. For the Slichter triplet with theries based on (aec) 15 SG stations from Ding and Chao [40]
e vertical dotted black lines denote the corresponding peak
Fig. 7 e Power spectrum comparison for the hourly synthetic series with the initial amplitudes, (aec) a ¼ 0.6 nGal and (def)
a ¼ 0.3 nGal from 32 SG stations after applying OSE. The vertical dashed black line and arrow indicate an unknown signal
from the Brown noises.
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2000, the optimal record length for detecting the Slichter
triplet is about 0.48 Q-cycles based on the OSE method. And
our results further confirmed that the OSEmethod, which can
isolate and distinguish the singlets of a normal-mode, is
potentially more effective for identifying the triplet of the
Slichter mode.
Our experiments provided some restrictions to detect the
Slichter triplet using appropriate SG records under the
assumption that large earthquakes (e.g. with magnitudes
Mw9.7 or evenMw9.3) can excite the Slichter triplet signals. In
fact, our results do not depend on the excitation mechanism,
but only depends on whether an excitation source can excite
the Slichtermodes to an appropriate level. Thus, the key point
is still to find appropriate excitation sources. Furthermore, it is
noted that some non-linear tides, atmospheric tidal signals
and some other geodynamic signals in the sub-seismic band,
whichwill disturb the identification of the Slichter triplet,may
render the detection more difficult. Based on the existing
conditions, we therefore suggest a weighted stacking
(depending on the excitation amplitudes at the receivers) of
world-wide distributed and high-quality SG datasets in thou-
sand(s) of hours after specific excitation sources like mega-
thrust earthquakes.Acknowledgment
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